In this paper, we focus on computing the higher slope Hasse polynomials of L-functions of certain exponential sums associated to the following family of Laurent
INTRODUCTION
Let F q be the finite field of q elements with characteristic p. For each positive integer k, let F q k denote the degree k finite extension of F q and F * q k denote the set of non-zero elements in F q . Assume that ζ p is a fixed primitive p-th root of unity in C. For any Laurent polynomial f (x 1 , . . . , x n ) ∈ F q [x ±1 1 , . . . , x ±1 n ], the k-th exponential sum associated to f is defined by, S * k (f ) = where Tr k : F q k → F p is the trace map. In analytic number theory, it's a classical problem to give good estimates for archimedean and non-archimedean sizes of S * k (f )(1 ≤ k < ∞). To understand the sequence of exponential sums, we usually evaluate the reciprocal roots or poles of the associated generating L-functions given by,
Deligne's theorem on the Riemann hypothesis provides general information about the complex valuations of the zeros and poles. Also it's well known that the roots and poles of L * (f, T ) are -adic units if is a prime distinct from p. So the remaining interesting part is the p-adic valuation of L * (f, T ).
In this paper, we study p-adic estimate for the following family of Laurent polynomials over F q , denoted by F:
where a i ∈ F * q , i = 1, 2, . . . , n + 1. Evaluating the generating exponential sum associated to f ∈ F is vital in analytic number theory. For instance, in Iwaniec's work [Iwa90] on small eigenvalues of the Laplace-Beltrami operator acting on automorphic functions with respect to Γ 0 (p), he improved the lower bound of eigenvalues conjectured by Selberg via the estimate for S * 1 (f ) (f ∈ F). For non-degenerate Laurent polynomial f ∈ F with n + 1 variables, the associated L-function L * (f, T ) (−1) n is a polynomial of degree 2 n+1 by Adolphson-Sperber's theorem [AS89] . To understand the p-adic arithmetic property of L * (f, T ), we compute the corresponding Newton polygon of L * (f, T ) (−1) n , denoted by NP(f ). The computation of NP(f ) turns out to be extremely complicated in general, although a standard lower bound of the Newton polygon is known. Adolphson and Sperber [AS89] constructed a certain combinatorial lower bound called the Hodge polygon, the vertices of which are expressed in terms of Hodge numbers. Compared to NP(f ), the corresponding Hodge polygon is much easier to compute. So the problem is reduced to determining the shape of Hodge polygon and when the Newton polygon coincides with the corresponding Hodge polygon.
Let a = (a 1 , . . . ,a n+1 ) denote the coefficients of a non-degenerate Laurent polynomial f ∈ F and ∆ n = ∆(f ) denote the Newton polyhedron of f . Based on Wan's decomposition theorem [Wan04] , Zhang and Feng [ZF14] computed the Hodge polygon HP(∆ n ) and proved that this family F is generically ordinary for any prime p, i.e., there exsits a nonzero polynomial h p (∆ n )( a) ∈ F p [a 1 , . . . , a n+1 ] satisfying: if h p (∆ n )( a) = 0, the Newton polygon of L * (f, T ) (−1) n coincides with its lower bound HP(∆ n ). In Dwork's terminology, h p (∆ n )( a) is called a Hasse polynomial which is the main object to study in this paper.
Wan provided a general method to directly calculate the Hasse polynomials [Wan04] but the method becomes insufficient for higher dimensional Newton polyhedrons. Based on Wan's method, Zhang and Feng [ZF14] obtained an explicit formula of Hasse polynomials in low dimensions, i.e., n ≤ 3. Let h p (∆ n , ≤ 1) denote the factor of h p (∆ n ) satisfying: if h p (∆ n , ≤ 1) = 0, Newton polygon coincides with HP(∆ n ) for all sides of slope ≤ 1. We give an explicit formula for h p (∆ n , ≤ 1) where n ∈ Z ≥0 . Theorem 1.1. Let f (x 1 , . . . , x n+1 ) ∈ F be a non-degenerate laurent polynomial with ∆ n = ∆(f ). When n ≥ 2, a Hasse polynomial of slope at most one side can be taken to be,
Zhang-Feng's formula for n = 3 case is very complicated that involves the determinant of a 4 × 4 matrix whose entries are all polynomials. In this paper, we provide a much simpler formula for the n = 3 case based on Denef-Loeser's theorem [DL91] and the symmetric property of NP(f ), which answers an open question of Zhang and Feng [ZF14] .
Theorem 1.2. For n = 3, let f (x 1 , . . . , x 4 ) ∈ F be a non-degenerate Laurent polynomial with ∆(f ) = ∆ 3 . A Hasse polynomial of ∆ 3 can be written as,
In particular, NP(f )=HP(∆ 3 ) if and only if h p (∆ 3 )( a) ≡ 0(mod p) where a is the vector of coefficients of f . Furthermore, we are interested in the irreducibility of the Hasse polynomials. For n ≥ 3 and p ≤ 7, we proved that the Hasse polynomial h p (∆ n , ≤ 1)( a) is irreducible over F p . Based on this fact, we have the following hypothesis of the irreducibility. Conjecture 1.3. Let p be an odd prime and n ≥ 3. Then the Hasse polynomial h p (∆ n , ≤ 1)( a) is irreducible over F p . This paper is organized as follows. In section 2, we review some basic definitions, technical theorems and relevant results including Dwork's trace formula, Wan's decomposition theory and Zhang-Feng's results. In section 3, we rigorously prove the two theorems concerning explicit formulas of the Hasse polynomials. In section 4, we study the irreducibility of the Hasse polynomials and provide some open problems.
PRELIMINARY
2.1. Rationality of the generating L-function. Let p be a prime and q = p a for some positive integer a. Let F q be the finite field of q elements with characteristic p and F q k denote the degree k finite extension of F q . For any Laurent polynomial f (x 1 , . . . ,
1 , . . . , x ±1 n ], we define the associated k-th exponential sum as follows,
where ζ p is a fixed primitive p-th root of unity in C and Tr k denotes the trace map from F q k to F p . In analytic number theory, it's a classical problem to give a good estimate for |S * k (f )|. In order to obtain the absolute values of the exponential sums, we usually study the generating L-functions. For a Laurent polynomial f ∈ F q [x ±1 1 , . . . , x ±1 n ], the generating L-function is defined to be,
By a theorem of Dwork-Bombieri-Grothendieck [Dwo62, Gro68] , the generating L-function is a rational function,
where all the reciprocal roots and zeros are non-zero algebraic integers. After taking logarithmic derivatives, we have the formula,
The formula implies that the zeros and poles of the generating L-function contain critical information of the exponential sums. From Deligne's theorem on Riemann hypothesis [Del80] , the complex absolute values of reciprocal zeros and poles are bounded as follows,
Restricting to non-degenerate Laurent polynomials, Adolphson and Sperber [AS89] showed that the associated L-function L * (f, T ) (−1) n−1 is a polynomial of degree n!Vol(∆). Here Vol(∆) is the volume of the Newton polyhedron of f and the precise definition of Newton polyhedron will be given in the next subsection. They also got a sharper estimate for the archimedean size of the reciprocal zeros, i.e.,
where A i (f ) ∈ Z[ζ p ] and |α i | ≤ q n/2 . For non-archimedean values, Deligne [Del80] proved that |α i | = |β j | = 1 when is a prime and = p. So the remaining interesting part is the p-adic absolute value which will be studied in this paper.
For non-degenerate Laurent polynomials, Adolphson and Sperber proved that the associated L-function L * (f, T ) (−1) n−1 is a polynomial over Z[ζ p ]. If we want to calculate p-adic absolute value of the reciprocal roots of a polynomial, it's equivalent to determine its Newton polygon. Adolphson and Sperber [AS89] proved that the Newton polygon of the associated L-function of a non-degenerate Laurent polynomial lies above a certain topological or combinatorial lower bound called Hodge polygon and denoted by HP(∆) which depends only on the Newton polyhedron ∆ and is easier to compute. We reduce the problem to determining the shape of Hodge polygon and when the Newton polygon coincides with the corresponding Hodge polygon.
Newton polygon and Hodge polygon
The Newton polyhedron of f , denoted by ∆(f ), is defined to be the convex closure in R n generated by the origin and the lattice points V j (1 ≤ j ≤ J). If δ denotes a subset of ∆(f ), then the restriction of f to δ is defined to be f δ = V j ∈δ a j x V j . Generally, we require Laurent polynomials to be non-degenerate defined as follows.
Definition 2.1. A Laurent polynomial f is called non-degenerate if for each closed face δ of ∆(f ) of arbitrary dimension which doesn't contain the origin, the n partial derivatives, { ∂f δ ∂x 1 , . . . , ∂f δ ∂xn }, have no common zeros with x 1 . . . x n = 0 overF q . For any non-degenerate Laurent polynomial f in n variables, Adolphson and Sperber's theorem [AS89] shows that the associated L-function is of the following form,
and |α i | ≤ q n/2 . Deligne's integrality theorem implies that the p-adic absolute values of reciprocal roots are given by |α i | p = q −r i where r i ∈ Q ∩ [0, n]. For simplicity, we normalize p-adic absolute value to be |q| p = q −1 . We can use q-adic Newton polygon to get more information of the q-adic absolute values of zeros since the shape of Newton polygon will provide the valuation information of all the reciprocal roots of the polynomial. Define the q-adic Newton polygon as follows.
where Q p is the algebraic closure of Q p . The q-adic Newton polygon of g(T ) is defined to be the lower convex closure of the set of points {(k, ord q (b k ))|k = 0, 1, . . . , n} in R 2 .
Here ord q denotes the standard q-adic ordinal onQ p where the valuation is normalized to be ord q (q) = 1. The following lemma [Kob84] relates the q-adic Newton polygon to q-adic valuation of reciprocal roots.
Lemma 2.3. In the above notation, let g(T ) = (1−α 1 T ) . . . (1−α n T ) be the factorization of g(T ) in terms of reciprocal roots α i ∈Q p . Let λ i = ord q α i . If λ is a slope of the q-adic Newton polygon with horizontal length l, then precisely l of the λ i are equal to λ.
For a given Laurent polynomial f in n variables, let NP(f ) denote the q-adic Newton polygon of L * (f, T ) (−1) n−1 and let ∆ denote the Newton polyhedron ∆(f ) ∈ R n . Define C(∆) to be the cone generated by ∆ in R n . For any point u ∈ R n , the weight function w(u) is defined to be the smallest non-negative real number c such that u ∈ c∆ and w
is the least common multiple of denominators of weights of lattice points on all the codimentional 1 faces of ∆. Let
be the number of lattice points in Z n with weight k/D. Then define the Hodge polygon of a given polyhedron ∆ as follows.
Definition 2.4. The Hodge polygon HP(∆) of ∆ is the lower convex polygon in R 2 with vertices (0,0) and
Here the horizontal length H ∆ (k) represents the number of lattice points of weight k/D in a certain fundamental domain corresponding to a basis of the p-adic cohomology space used to compute the L-function. Adolphson and Sperber [AS89] proved that H ∆ (k) coincides with the usual Hodge number in the toric hypersurface case in which case D = 1. Thus this lower bound is called the Hodge polygon. By Krasner's lemma, it's easy to check Q p (π) = Q p (ζ p ). Let K be an unramified extension of Q p of degree a and Ω a be the compositum of Q p (ζ p ) and K.
Lift the Frobenius automorphism x → x p of Gal(F q /F p ) to a generator τ of Gal(K/Q p ) and extend it to Ω a by requiring τ (π) = π. For the primitive (q − 1)-th root of unity ζ q−1 , we have τ (ζ q−1 ) = ζ p q−1 . Let E p (t) be the Artin-Hasse exponential series:
Based on Dwork's lemma, it's easy to check that the coefficients of E p (t) are p-adic integers, i.e., E p (t) ∈ Z p [[x]]. After simple calculation, we have
In Dwork's terminology, a splitting function θ(t) is defined to be,
Note that θ(1) is a primitive p-th root of unity that can be identified with ζ p in Ω.
Let a j be the Teichmüller lifting ofā j in Ω satisfying a q j = a j . Let
where the sum is over all the solutions of the following linear system
and λ m is m-th coefficient of the Artin-Hasse exponential series E p (t).
Let ∆ be the Newton polyhedron of f and L(∆) = Z n ∩C(∆) be the set of lattice points in the closed cone generated by origin and ∆. Recall that for a given point r ∈ R n , the weight function is defined to be
Then let A 1 (f ) be an infinite matrix whose rows and columns are indexed by the lattice points in L(∆) with respect to the weights:
where r, s ∈ L(∆). In Dwork's terminology, A 1 (f ) is called the infinite semilinear Frobenius matrix. By Dwork's trace formula, we can identify the associated L-function with a product of Fredholm determinants,
where A a (f ) = A 1 A τ 1 · · · A τ a−1 1 is the infinite linear Frobenius matrix. Based on the fact that ord p F r (f ) ≥ w(r) p−1 , we have the estimate
Let ξ be an element in Ω satisfying ξ D = π p−1 . Then A 1 (f ) can be written in the following block form, (1) The p-adic Newton polygon of det(I − T A 1 (f )) lies above P (∆).
(2) The q-adic Newton polygon of det(I − T A a (f )) lies above P (∆).
2.5.
General method for computing Hasse polynomials. In this subsection, we use the same notations as the previous subsection and provide a standard way to compute a Hasse polynomial which represents the ordinary property of a given non-degenerate Laurent polynomial. The following theorem relates the ordinary property of f to the p-adic Newton polygon of det(I − T A 1 (f )). A 1 (f ) ) computed with respect to p is the lower convex closure of {(j, ord p (c j )) | k = 0, 1, . . .}. Let (j, P (∆, j)) be a point on P (∆) for j ∈ Z ≥0 . By Proposition 2.9, we have ord p (c j ) ≥ P (∆, j). Let j = k i=0 W ∆ (i). From the block form of A 1 (f ), it's easy to check that
where u j is a p-adic integer and ξ D = −p. So ord p (c j ) ≥ 1 D k i=0 iW ∆ (i) = P (∆, j ) and ord p (c j ) = P (∆, j ) if and only if
Consequently, we have the following formula for computing the Hasse polynomial,
h p (∆, k).
2.6. Wan's facial decomposition theorem and Zhang-Feng's result. Wan develops some decomposition theorems to simplify the computation by decomposing the polyhedron ∆ to small pieces [Wan04] . We will use the following facial decomposition to compute the Hasse polynomial.
Theorem 2.11 (Facial Decomposition Theorem [Wan93] ). Let f be a non-degenerate Laurent polynomial over F q . Assume ∆(f ) = ∆ is n-dimensional and δ 1 , . . . , δ h are all the co-dimension 1 faces of ∆ which don't contain the origin. Let f δ i denote the restriction of f to δ i . Then f is ordinary if and only if f δ i is ordinary for 1 ≤ i ≤ h. Moreover for positive integer k, the Newton polygon of det(I − T A 1 (f )) coincides with its lower bound at the k-th vertex if and only if the Newton polygon of det(I −T A 1 (δ i , f δ i )) coincides with its lower bound at the k-th vertex for i = 1, . . . , h.
Consider the following family of Laurent polynomials over finite field F q :
where a i ∈ F * q , i = 1, 2, . . . , n + 1. Then ∆(f ) is a polyhedron in R n+1 and let ∆ n = ∆(f ). Based on Wan's decomposition theorem [Wan93] , Zhang and Feng [ZF14] gave the following results.
Theorem 2.12 ( [ZF14] ). Let f be a Laurent polynomial in that family with ∆ n = ∆(f ).
(1) Then f is non-degenerate if and only if ±2a 1 ± 2a 2 . . . ± 2a n + a n+1 = 0, i.e., M p (∆ n ) = {a ∈F n+1 p |a 1 · · · a n+1 (±2a 1 ± 2a 2 . . . ± 2a n + a n+1 ) = 0}.
(2) If f ∈ M p (∆ n ), the associated L-function L * (f, T ) (−1) n is a polynomial of degree 2 n+1 , i.e., (n + 1)!Vol(∆ n ) = 2 n+1 . (3) The Hodge polygon HP(∆ n ) is a lower convex polygon in R 2 with vertices (0,0) and for m = 0, 1, . . . , n + 1. That is, the Hodge polygon HP(∆ n ) ∈ R 2 consists of n + 2 line segments starting from initial point (0,0) and has sides of increasing slopes, i.e., the j-th segment has slope j − 1 with horizontal length n+1 j−1 , j = 1, . . . , n + 2.
(4) This family is generically ordinary for any prime p, i.e., there exsits a non-zero polynomial h p (∆ n )( a) ∈ F p [a 1 , . . . , a n+1 ] satisfying: if h p (∆ n )( a) = 0, the Newton polygon of L * (f, T ) (−1) n coincides with its lower bound HP(∆ n ).
Theorem 2.13 ( [ZF14]). Notations as above.
(1) When n = 2, a Hasse polynomial can be taken to be
where a = (a 1 , a 2 , a 3 ) ∈ M p (∆ 2 ).
(2) When n = 3, a Hasse polynomial can be taken to be
where a = (a 1 , a 2 , a 3 , a 4 ) ∈ M p (∆ 3 ) and T ( a) is the determinant of a 4×4 matrix whose entries are all polynomials.
PROOF OF MAIN THEOREMS
In this section, we give the proof of our main theorem.
Theorem 3.1. For n ≥ 2. Let f be a non-degenerate laurent polynomial defined as
where a i ∈ F * q , i = 1, 2, . . . , n + 1. For ∆ n = ∆(f ), we have (3.1)
where a = (a 1 , . . . , a n+1 ) ∈ M p (∆ n ).
Proof. If we restrict f to the co-dimensional 1 face δ 0 : x n+1 = 1, we will get the following new Laurent polynomial
From Theorem 2.11 and Zhang-Feng's calculation [ZF14] , we know that f is ordinary if and only if g is ordinary, i.e., NP(f ) coincides with its lower bound at the k-th vertex if and only if NP(g) coincides with its lower bound at the k-th vertex. Let ∆ n = ∆(f ) and ∆ n = ∆(g). To obtain h p (∆ n , ≤ 1), it suffices to compute h p (∆ n , ≤ 1). From formula (2.1), (2.2) and (2.3), h p (∆ n , ≤ 1) = h p (∆ n , 1) = det A 00 A 01 A 10 A 11 mod p.
where A 00 = 1 and A 10 = (0, 0, . . . , 0) T . So h p (∆ n , ≤ 1) = detA 11 mod p. Based on Zhang and Feng's calculation [ZF14] , W ∆ n (1) = 2n + 1. So A 11 is a matrix of size (2n + 1) × (2n + 1). For simplicity, we enumerate the vertices of ∆ n . Let V 1 = (1, 0, 0, . . . , 0, 1), V 2 = (−1, 0, 0, . . . , 0, 1), V 3 = (0, 1, 0, . . . , 0, 1), . . . , V 2n = (0, 0, . . . , 0, −1, 1), V 2n+1 = (0, 0, . . . , 0, 1). If the vertices are suitably arranged, A 11 is a lower triangular matrix of the following form,
So h p (∆ n , ≤ 1) = detA 11 mod p = 2n+1 k=1 b kk mod p. By formula (2.1) and (2.2),
where 1 ≤ k ≤ n. Since a k ∈ F * q and ord p ( 1 (p−1)! ) = 0, we can conclude b ii (i ≥ 2) are trivial factors for the Hasse polynomial. So we proved the following equation,
In the second part of this section, we will give a formula of the Hasse polynomial h p (∆ 3 ) which is much simpler compared to Zhang and Feng's result [ZF14] , stated in Theorem 2.13. Before proving the formula, we introduce a lemma which will be used in the proof. This lemma follows from Denef-Loeser's weight formula [DL91] .
1 , . . . , x ±1 n ] be a non-degenerate Laurent polynomial. Assume that the Newton polyhedron of f is an n-dimensional polytope in R n , denoted by ∆. If the origin is an interior point of ∆, then the associated L-function is purely of weight n, i.e.,
where |α i | = q n/2 , i = 0, 1, . . . , n!Vol(∆).
Then we have the following formula based on the symmetric property of the Newton polygons of L-functions derived from Lemma 3.2.
Theorem 3.3. For n = 3, let f (x 1 , . . . , x 4 ) ∈ F be a non-degenerate Laurent polynomial with ∆ 3 = ∆(f ). A Hasse polynomial of ∆ 3 can be written as,
where a = (a 1 , a 2 , a 3 , a 4 ) ∈ M p (∆ 3 ).
In particular, NP(f )=HP(∆ 3 ) if and only if h p (∆ 3 , ≤ 1)( a) ≡ 0(mod p) where a is the vector of coefficients of f .
Proof. When n = 3, the non-degenerate Laurent polynomial is given by
where a i ∈ F * q , i = 1, 2, 3, 4. From Theorem 2.12, HP(∆) has 6 vertices (0,0), (1,0), (5,4), (11,16), (15, 28) and (16, 32). Similar to the proof of Theorem 3.1, let g = 3 i=1 a i x 4 (x i + 1 x i )+ a 4 x 4 and ∆ = ∆(g). We know that NP(f ) coincides with HP(∆) at the k-th vertex if and only if NP(g) coincides with HP(∆ ) at the k-th vertex. In addition, h p (∆ , 0) = detA 00 = 1 ≡ 0(mod p) which shows that NP(g) always pass through (1,0). So NP(f ) coincides with HP(∆) at the first break point (1,0).
We claim that NP(f ) is symmetric, i.e., if NP(f ) has a side of a slope s with the horizontal length l s , if and only if it has a side of slope n + 1 − s with the same horizontal length l s , s = 0, 1, . . . , n + 1. Recall that
Then
By Lemma 3.2, this family of L-functions is purely of weight n + 1, i.e., 
IRREDUCIBILITY OF HASSE POLYNOMIAL AND OPEN PROBLEMS
In this section, we focus on the irreducibility of h p (∆ n , ≤ 1). Recall that a Laurent polynomial f is defined as
where a i ∈ F * q , i = 1, 2, . . . , n + 1. Let ∆ n = ∆(f ). From previous sections, we know its Hasse polynomial of slope one side h p (∆ n , ≤ 1) for n ≥ 2 is given by the following formula,
To study the irreducibility of a polynomial, we first consider the following lemma.
Lemma 4.1. Assume n ≥ 3. Let P n denote the projective n-space overF p and H be zero locus of a homogeneous polynomial h in P n , i.e., H = Z(h). Let Sing(H) denote the set of singular points of H. If dim(Sing(H))≤ n − 3, then h is irreducible overF p .
Proof. We give a simple proof by contradiction. Assume h is reducible and h = h 1 h 2 where h 1 , h 2 ∈F p [x 1 , . . . , x n+1 ]. To get Sing(H), we compute ∂h ∂x i = ∂h 1 ∂x i h 2 + ∂h 2 ∂x i h 1
where i = 1, 2, . . . , n + 1. So Z(h 1 , h 2 ) ⊆ Sing(H). Combining dim(Z(h 1 , h 2 )) ≥ n − 2 and dim(Sing(H))≤ n − 3, we have n − 2 ≤ dim(Z(h 1 , h 2 )) ≤ n − 3 which leads to a contraction.
Let's first compute p = 3, 5 and 7 as three simple examples.
Example 4.2. For p = 3, we have h 3 (∆ n , ≤ 1) = a 2 1 + a 2 2 + . . . + a 2 n + 1 2 a 2 n+1 . Since Sing(H) = ∅ in P n , h 3 (∆ n , ≤ 1) = a 2 1 + a 2 2 + . . . + a 2 n + 1 2 a 2 n+1 is irreducible over F 3 for n ≥ 2.
Example 4.3. Suppose p = 5 and n ≥ 2. Then h 5 (∆ n , ≤ 1) is irreducible over F 5 .
Proof. When 4n + 1 ≡ 0 mod 5, Sing(H)=∅ in P n which means h 5 (∆ n , ≤ 1) is irreducible. When 4n + 1 ≡ 0 mod 5, we have Sing(h 5 (∆ n , ≤ 1)) = {[ 2 3 : 2 3 : . . . : 2 3 : 1]}. In this case, n ≥ 5 and dim(Sing(H))= 0 ≤ n − 3. By the previous lemma, h 5 (∆ n , ≤ 1) is irreducible F 5 .
Example 4.4. For p = 7 and n ≥ 3, h 7 (∆ n , ≤ 1) is irreducible over F 7 .
Proof. Since h 7 (∆ n , ≤ 1) is very complicated, we first consider n = 3 and then generalize to n ≥ 3. In P 3 , it's easy to check that Sing(h 7 (∆ 3 , ≤ 1))={[a 1 : a 2 : a 3 : a 4 ] |2a 2 1 = 2a 2 2 = 2a 2 3 = a 2 4 } ∪ {[0 : 0 : a 3 : a 4 ]|4a 2 3 = a 2 4 } ∪ {[0 : a 2 : 0 : a 4 ] |4a 2 2 = a 2 4 } ∪ {[a 1 : 0 : 0 : a 4 ]|4a 2 1 = a 2 4 }. So dim(Sing(H))= 0 ≤ n − 3 for n = 3 which means h 7 (∆ 3 , ≤ 1) is irreducible overF 7 .
For n ≥ 3, we prove by contradiction. Assume n ≥ 4, then we have h 7 (∆ n , ≤ 1) ≡ h n (a 1 , a 2 , a 3 , a 4 ) mod(a 5 , . . . , a n+1 ). If h 7 (∆ n , ≤ 1) is reducible overF 7 , i.e., h 7 (∆ n , ≤ 1) = g n l n , thenh n ≡ḡ nln mod(a 5 , . . . , a n+1 ) which meansh n is reducible. From formula (3.1), h 7 (∆ n , ≤ 1) ≡ h 7 (∆ 3 , ≤ 1) mod(a 5 , . . . , a n+1 ). Since h 7 (∆ 3 , ≤ 1) is proved to be irreducible overF 7 , this leads to a contradiction.
Based on these examples, we give our hypothesis.
Conjecture 4.5. Assume n ≥ 3. Let p be an odd prime and f be a Laurent polynomial in that family with ∆ n = ∆(f ). The Hasse polynomial of the slope one side h p (∆ n , ≤ 1) is irreducible overF p .
To prove the conjecture, it's sufficient to check if h p (∆ 3 , ≤ 1)( a) is irreducible overF p . For the proving of the conjecture, we leave it as an open problem.
